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. $\mathfrak{g}^{\vee}$ $\mathfrak{g}$ Langlands , $U_{q}(\mathfrak{g}^{\vee})$ , $\mathfrak{g}^{\vee}$ , $\mathbb{C}(q)$
. $\mathfrak{g}^{\vee}$ $\lambda\in \mathfrak{h}$ , $\mathcal{M}\mathcal{V}(\lambda)$ , Mirkovi\v{c}-Vilonen
$P\subset$ , $W$ $w_{0}$ $P$ $\mu_{w0}$ $\lambda$ ,
$P\subset$ Conv$(W\lambda)$ . , $\mathfrak{h}_{R}$ $\mathfrak{h}$
, Conv $(W\cdot\lambda)$ $W\cdot\lambda$ $\mathfrak{h}_{\mathbb{R}}$ . , $\mathcal{M}\mathcal{V}(\lambda)$
, $\lambda$ $U_{q}(\mathfrak{g}^{\vee})$- $\mathcal{B}(\lambda)$
, ([Kam2]).
, $\mathfrak{g}$ simply-laced .1 , [NS4] , $P\in$
$\mathcal{M}\mathcal{V}(\lambda)$ Demazure opposite Demazure
, Mirkovic-Vilonen $P$
. , $x\in W$ , $x\cdot\lambda$ extremal $P_{x\cdot\lambda}\in \mathcal{M}\mathcal{V}(\lambda)\cong \mathcal{B}(\lambda)$
Gelfand-Goresky-MacPherson-Serganova , $P_{x\cdot\lambda}$
$\{z\cdot\lambda|z\leq x\}$ . , $z\leq x$
$\leq$ , $W$ Bruhat . , ,
$1_{\mathfrak{g}}$ simply-laced , “(Dynkin ) folding”
. Folding , [NSl] $\sim$ [NS3], [H]
.
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$P\in \mathcal{M}\mathcal{V}(\lambda)$ $x\in W$ opposite Demazure
, $P\supset P_{x\cdot\lambda}$ ( ) .
1 Mirkovi\v{c}-Vilonen (MV) .
, Mirkovi\v{c}-Vilonen (MV) .
, [Kaml], [Kam2] .
1.1 . . $\mathfrak{g}$ simply-laced
, $\mathfrak{h}$ $\mathfrak{g}$ Cartan . $A=(a_{ij})_{i_{t}j\in I}$ $\mathfrak{g}$
Cartan , $\Pi:=\{\alpha_{j}\}_{j\in I}\subset \mathfrak{h}^{*}$ $:=$ Homc $(\mathfrak{h}, \mathbb{C})$ ,
$\Pi^{\vee}:=\{h_{j}\}_{J\in I}\subset \mathfrak{h}$ . $\mathfrak{h}$ $\mathfrak{h}_{R}$ , $\mathfrak{h}_{R}:=\oplus_{j\in I}\mathbb{R}h_{j}$
. $W:=\langle s_{j}|j\in I\rangle$ $\mathfrak{g}$ Weyl . , $s_{j}(j\in I)$
. $W$ ( ) Bruhat $\leq$ . $\ell:Warrow \mathbb{Z}_{\geq 0}$ $W$
, $e,$ $w_{0}\in W$ $W$ , . $R(w_{0})$ $w_{0}\in W$
. , $R(w_{0})$ , $m:=\ell(w_{0})$ $I$
$(i_{1}, i_{2}, \ldots, i_{m})$ , $s_{i_{1}}s_{i_{2}}\cdots s_{i_{m}}=w_{0}$ .
$\mathfrak{g}^{\vee}$
$\mathfrak{g}$ Langlands . , $\mathfrak{g}^{\vee}$ $A$ ${}^{t}A$ Cartan
( $\mathfrak{g}$ simply-laced
, $\mathfrak{g}^{\vee}\cong \mathfrak{g}$ ). , $\mathfrak{g}^{\vee}$ Cartan $\mathfrak{h}^{*}$
, $\Pi^{\vee}=\{h_{j}\}_{J\in I}\subset$ ,
$\Pi=\{\alpha_{j}\}_{j\in I}\subset \mathfrak{h}^{*}$ . $U_{q}(\mathfrak{g}^{\vee})$ , $\mathfrak{g}^{\vee}$ ,
$\mathbb{C}(q)$ , $U_{q}^{+}(\mathfrak{g}^{\vee})$ $U_{\overline{q}}(\mathfrak{g}^{\vee})$ $U_{q}(\mathfrak{g}^{\vee})$
, . $\mathcal{B}(\infty)$ $U_{\overline{q}}(\mathfrak{g}^{\vee})$ . , $\mathfrak{g}^{\vee}$
$\lambda\in \mathfrak{h}$ , $\lambda$ $U_{q}(\mathfrak{g}^{\vee})$-
$V(\lambda)$ , $\mathcal{B}(\lambda)$ .
1.2 GGMS Weyl .
12.1. $\mu$. $=(\mu_{w})_{w\in W}$ $\mathfrak{h}_{R}=\oplus_{J\in I}\mathbb{R}h_{j}$ ; $\mu_{w}\in \mathfrak{h}_{\mathbb{R}}(w\in$
$W)$ . $\mu$. Gelfand-Goresky-MacPherson-Serganova (GGMS)
20
, $w\in W$ $i\in I$ ,
$\mu_{ws_{i}}-\mu_{w}\in \mathbb{Z}_{\geq 0}(w\cdot h_{i})$ (1.2.1)
.
GGMS $\mu$. $=(\mu_{w})_{w\in W}$ , $P(\mu.)\subset \mathfrak{h}_{\mathbb{R}}$ .
$P(\mu.)$ $:= \{h\in \mathfrak{h}_{\mathbb{R}}|w^{-1}\cdot(h-\mu_{w})\in\sum_{j\in I}\mathbb{R}_{\geq 0}h_{j}$ for all $w\in W\}$ . (1.2.2)
, $P(\mu.)$ $\mathfrak{h}_{R}$ ([Kaml]). $\mathfrak{h}_{\mathbb{R}}$
Weyl .
1.22. $P(\mu.)$ , ( ) $\mu$. $=(\mu_{w})_{w\in W}$
([Kaml, Proposition 2.2]). , ,
$P(\mu.)=$ Conv $\{\mu_{w}|w\in W\}$
. , $\mathfrak{h}_{R}$ $X$ , $\mathfrak{h}_{R}$ $X$ Conv $X$
.
2 GGMS $\mu$. $\mu’$. , $\mu$. $\neq\mu’$. $P(\mu.)\neq P(\mu’.)$
. , Weyl $P$ , $P=P(\mu.)$
( ) GGMS $\mu$. , $P$ GGMS .
1.3 MV . MV , Weyl $P$ ,
GGMS $\mu$. MV . MV
, , 2-move, 3-move ([Kaml,
\S 5.1]; 2-braid move, 3-braid move ).
13.1. $i=(i_{1}, i_{2}, \ldots, i_{m}),$ $j=(j_{1}, j_{2}, \ldots, j_{m})\in R(w_{0})$ $w0\in W$
.
(1) $i$ $j$ 2-move , (la), (lb) $i,$ $j\in I$
$0\leq k\leq m-2$ :(la) $a_{ij}=aJi=0,$ $(1b)i_{k+1}=j_{k+2}=i$ ,
$i_{k+2}=j_{k+1}=j,$ $i_{t}=j\iota(1\leq l\leq m, l\neq k+1, k+2)$ , ,
$i=$ $(i_{1}, ..., i_{k}, i, j, i_{k+3}, ..., i_{m})$ ,
(1.3.1)
$j=(i_{1}, \ldots, i_{k}, j, i, i_{k+3}, \ldots, i_{m})$ .
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(2) $i$ $j$ 3-move , (2a), (2b) $i,$ $j\in I$
$0\leq k\leq m-3$ : (2a) $a_{ij}=a_{ji}=-1,$ $(2b)i_{k+1}=i_{k+3}=$
$j_{k+2}=i,$ $i_{k+2}=j_{k+1}=j_{k+3}=j,$ $i_{l}=j\downarrow(1\leq l\leq m, l\neq k+1, k+2, k+3)$ ,
,
$i=$ $(i_{1}, . . . , i_{k}, i, j, i, i_{k+4}, \ldots, i_{m})$ ,
(1.3.2)
$j=(i_{1}, \ldots, i_{k}, j, i, j, i_{k+4}, \ldots, i_{m})$ .
$\mu$. $=(\mu_{w})_{w\in W}$ GGMS . $i=(i_{1}, i_{2}, . . . , i_{m})\in R(w_{0})$
$1\leq l\leq m$ , $n_{l}^{i}=n_{l}^{1}(\mu.)\in \mathbb{Z}_{\geq 0}$ ( (1.2.1) ):
$\mu_{w_{l}^{1}}-\mu_{w_{l-1}^{1}}=n_{l}^{1}w_{l-1}^{i}\cdot h_{i_{l}}$ . (1.3.3)
, $w_{l}^{i}:=s_{i_{1}}s_{i_{2}}\cdots s_{i_{1}}\in W$ . $n_{l}^{1}=n_{l}^{i}(\mu.)$ , Weyl $P(\mu.)$
2
$\mu_{w_{l}^{i}}$ $\mu_{w_{l-1}^{I}}$ ( 122 ):
$\underline{n_{l}^{i}}$
$\mu_{w_{l-1}^{I}}$ $\mu_{w_{l}^{I}}=\mu_{w_{l-1}^{1}\epsilon_{i_{\downarrow}}}$
1.3.2. GGMS $\mu$. $=(\mu_{w})_{w\in W}$ Mirkovi\v{c}-Vilonen (MV)
, $\mu$. :
(1) $i,$ $j\in R(w_{0})$ (1.3.1) 2-move . ,
$n_{k+1}^{i}=n_{k+2}^{j},$ $n_{k+2}^{i}=n_{k+1}^{j}$ , , $n_{l}^{1}=n_{l}^{j}(1\leq l\leq m, l\neq k+1, k+2)$
.
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(2) $i,$ $j\in R(w_{0})$ (1.3.2) 3-move . ,
$\{\begin{array}{l}n_{k+1}^{j}=n_{k+2}^{i}+n_{k+3}^{i}-\min(n_{k+1}^{i}, n_{k+3}^{i}),n_{k+2}^{j}=\min(n_{k+1}^{i}, n_{k+3}^{i}),n_{k+3}^{j}=n_{k+1}^{i}+n_{k+2}^{i}-\min(n_{k+1}^{i}, n_{k+3}^{i}),\end{array}$ (1.3.4)
, $n_{l}^{i}=n_{l}^{j}(1\leq l\leq m,$ $l\neq k+1,$ $k+2,$ $k+3)$ .
1.3.3. $P$ Weyl . $P$ Mirkovi\v{c}-Vilonen (MV)
, $P$ GGMS $\mu$. MV .
, MV $\mu$. Weyl $P(\mu.)$ MV
.
14 MV . $\mathcal{M}\mathcal{V}(\infty)$ , MV $P$ ,
GGMS $\mu$. $=(\mu_{w})_{w\in W}$ $\mu_{wo}=0\in \mathfrak{h}_{R}$ .
$\mathcal{M}\mathcal{V}(\infty)$ $U_{q}(\mathfrak{g}^{\vee})$
([Kam2, \S \S 3.3, 3.5, and 3.6]). , $P\in \mathcal{M}\mathcal{V}(\infty)$ , $\mu$. $=(\mu_{w})_{w\in}w$ $P$
GGMS .
wt. $P$ wt $(P)$ , $\mu_{e}\in \mathfrak{h}_{\mathbb{R}}$ ;wt $(P):=\mu_{e}$ .
$e_{j},$ $f_{j}(j\in I)$ . $j\in I$ , $f_{j}$ : $\mathcal{M}\mathcal{V}(\infty)\cup\{0\}arrow$
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$\mathcal{M}\mathcal{V}(\infty)\cup\{0\}$
$e_{j}$ : $\mathcal{M}\mathcal{V}(\infty)\cup\{0\}arrow \mathcal{M}\mathcal{V}(\infty)\cup\{0\}$ .
$e_{j}0=f_{j}0:=0$ ,
$f_{j}P=f_{j}P(\mu.):=P(f_{j}\mu.)$ ,
$e_{j}P=e_{j}P(\mu.):=\{\begin{array}{ll}P(e_{j}\mu.) if \mu_{e}\neq\mu_{s_{j}},0 otherwise.\end{array}$
, $0$ $\mathcal{M}\mathcal{V}(\infty)$ . , $f_{j}\mu$. $ej\mu$.
MV .
1.4.1 ([Kam2, Theorem 3.5]). $\mu$. $=(\mu_{w})_{w\in W}$ MV $(\mu_{w_{0}}=0$
), $j\in I$ .
(1) (i), (ii) MV $f_{j}\mu$. $=(\mu_{w}’)_{w\in W}$ :
(i) $\mu_{e}’=\mu_{e}-h_{j}$ , (ii) $s_{j}w<w$ $w\in W$ $\mu_{w}’=\mu_{w}$
( $\mu_{w_{0}}’=\mu_{w0}$ ).
(2) $\mu_{e}\neq\mu_{s_{j}}$ , (i), (ii) MV $ej\mu$. $=(\mu_{w}’)_{w\in W}$
: (i) $\mu_{e}’=\mu_{e}+h_{j}$ , (ii) $s_{j}w<w$ $w\in W$
$\mu_{w}’=\mu_{w}$ ( $\mu_{w0}’=\mu_{w_{0}}$ ).
$\epsilon_{j},$ $\varphi_{j}(j\in I)$ . $j\in I$ ,
$\epsilon_{j}(P)$ $:= \max\{N\geq 0|e_{j}^{N}P\neq 0\}$ , $\varphi_{j}(P)$ $:=\langle\alpha_{j}$ , wt $(P)\rangle+\epsilon_{j}(P)$
.
1.4.2 ([Kam2, \S 3.3 and \S 3.6]). $\mathcal{M}\mathcal{V}(\infty)$ wt, $e_{j},$ $f_{j}(j\in I)$ ,
, $\epsilon_{j},$ $\varphi_{j}(j\in I)$ , $U_{q}(\mathfrak{g}^{\vee})$ . ,
$\Psi$ : $\mathcal{B}(\infty)arrow\sim \mathcal{M}\mathcal{V}(\infty)$ .
14.3. $\mu$. $=(\mu_{w})_{w\in W}$ , $\mu_{w}=0\in \mathfrak{h}_{R}(w\in W)$ . ,
, $\mu$. MV , $P_{0}:=P(\mu.)=\{0\}$ $\mathcal{M}\mathcal{V}(\infty)$ .
$P_{0}$ $\mu_{e}=0$ , $\mathcal{B}(\infty)$ $u_{\infty}(1\in U_{q}^{-}(\mathfrak{g}^{\vee})$
$\mathcal{B}(\infty)$ ) , 142 $\Psi$ : $\mathcal{B}(\infty)arrow\sim \mathcal{M}\mathcal{V}(\infty)$ ,
.
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, $\lambda\in \mathfrak{h}$ $\mathfrak{g}^{\vee}$ . $\mathcal{M}\mathcal{V}(\lambda)$ , MV $P$ ,
GGMS $\mu$. $=(\mu_{w})_{w\in W}$ $\mu_{w_{0}}=\lambda\in \mathfrak{h}_{\mathbb{R}}$ , $P\subset$ Conv $(W\cdot\lambda)$
. $\mathcal{M}\mathcal{V}(\lambda)$ $U_{q}(\mathfrak{g}^{\vee})$
([Kam2, \S 6.2]). , $P\in \mathcal{M}\mathcal{V}(\lambda)$ ,
$\mu$. $=(\mu_{w})_{w\in W}$ $P$ GGMS .
wt. $P$ $wt(P)$ , $\mu_{e}\in \mathfrak{h}_{\mathbb{R}}$ ;wt $(P):=\mu_{e}$ .
$e_{j},$ $f_{j}(j\in I)$ . $i\in I$ , $f_{j}$ : $\mathcal{M}\mathcal{V}(\lambda)\cup\{0\}arrow$
$\mathcal{M}\mathcal{V}(\lambda)\cup\{0\}$








, $0$ $\mathcal{M}\mathcal{V}(\lambda)$ .
$\epsilon_{j},$ $\varphi j(j\in I)$ . $j\in I$ ,
$\epsilon_{j}(P)$ $:= \max\{N\geq 0|e_{j}^{N}P\neq 0\}$ , $\varphi_{j}(P)$ $:= \max\{N\geq 0|f_{j}^{N}P\neq 0\}$
.
1.4.4 ([Kam2, Theorem 6.4]). $\mathcal{M}\mathcal{V}(\lambda)$ wt, $e_{j},$ $f_{j}(j\in I)$ ,
, $\epsilon_{j},$ $\varphi_{j}(j\in I)$ , $U_{q}(\mathfrak{g}^{\vee})$ . ,
$\Psi_{\lambda}$ : $\mathcal{B}(\lambda)arrow\sim \mathcal{M}\mathcal{V}(\lambda)$ .
1.4.5. (1) $\mu$. $=(\mu_{w})_{w\in W}$ , $\mu_{w}:=\lambda\in \mathfrak{h}_{\mathbb{R}}(w\in W)$ .
, , $\mu$. MV , $P_{\lambda}:=P(\mu.)=\{\lambda\}$ $\mathcal{M}\mathcal{V}(\lambda)$
. $P_{\lambda}$ $\mu_{e}=\lambda$ , $\mathcal{B}(\lambda)$ $u_{\lambda}$ , 144
$\Psi_{\lambda}$ : $\mathcal{B}(\lambda)arrow\sim \mathcal{M}\mathcal{V}(\lambda)$ , $P_{\lambda}$ .
(2) $\mu$. $=(\mu_{w})_{w\in W}$ , $\mu_{w}:=ww_{0}\cdot\lambda\in \mathfrak{h}_{R}(w\in W)$ . ,
$\mu$. MV , $P_{w_{0}\cdot\lambda}:=P(\mu.)=$ Conv$(W\cdot\lambda)$ $\mathcal{M}\mathcal{V}(\lambda)$
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([A] [Kaml]). $P_{w_{0}\cdot\lambda}$ $\mu_{e}=w_{0}\cdot\lambda$
, $\mathcal{B}(\lambda)$ $u_{wo\cdot\lambda}$ , 144 $\Psi_{\lambda}$ : $\mathcal{B}(\lambda)arrow\sim \mathcal{M}\mathcal{V}(\lambda)$
, $P_{w0\cdot\lambda}$ .
2 Demazure MV .
2.1 Demazure . , $\mathfrak{g}^{\vee}$ $\lambda\in \mathfrak{h}$ .
$x\in W$ , $x$ Demazure $V_{x}(\lambda)$ , $V(\lambda)$ $x\cdot\lambda$
$V(\lambda)_{x\cdot\lambda}$ , $V(\lambda)$ $U_{q}^{+}(\mathfrak{g}^{\vee})$ - ;
$V_{x}(\lambda)$ $:=U_{q}^{+}(\mathfrak{g}^{\vee})V(\lambda)_{x\cdot\lambda}$ . Kashiwara [Kasl] , $\mathcal{B}(\lambda)$ $\mathcal{B}_{x}(\lambda)$
$V( \lambda)\supset V_{x}(\lambda)=\bigoplus_{b\in \mathcal{B}_{x}(\lambda)}\mathbb{C}(q)G_{\lambda}(b)$
(2.1.1)
. , $\{G_{\lambda}(b)|b\in \mathcal{B}(\lambda)\}$ $V(\lambda)$
. $\mathcal{B}_{x}(\lambda)\subset \mathcal{B}(\lambda)$ $x\in W$ Demazure
. Demazure $\{\mathcal{B}_{x}(\lambda)\}_{x\in W}$
([Kasl, Proposition $3.2.3|)$ .
$\mathcal{B}_{e}(\lambda)=\{u_{\lambda}\}$ , (2.1.2)
$\mathcal{B}_{x}(\lambda)=\bigcup_{N\geq 0}f_{j}^{N}\mathcal{B}_{s_{j}x}(\lambda)\backslash \{0\}$
for $x\in W$ and $j\in I$ with $s_{j}x<x$ . (2.1.3)




for $x\in W$ and $j\in I$ with $s_{j}x<x$ . (2.1.5)
, $x\in W$ , $\mathcal{B}_{x}(\infty)\subset \mathcal{B}(\infty)$ $x$ Demazure
.
[$NS4$ , Theorem 3.2.1] , $x\in W$ , Demazure $\mathcal{B}_{x}(\lambda)$
$\mathcal{B}(\lambda)$ $($ $\mathcal{B}_{x}(\infty)\subset \mathcal{B}(\infty))$ $\Psi_{\lambda}$ : $\mathcal{B}(\lambda)arrow\sim \mathcal{M}\mathcal{V}(\lambda)$ ( $\Psi$ : $\mathcal{B}(\infty)4$
$\mathcal{M}\mathcal{V}(\infty))$ , MV $P\in \mathcal{M}\mathcal{V}(\lambda)$ $($ $P\in \mathcal{M}\mathcal{V}(\infty))$
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, MV $P$ $n_{l}^{i}\in \mathbb{Z}_{\geq 0}(i\in R(w_{0});1\leq l\leq m)$
( $n_{l}^{i}\in \mathbb{Z}_{\geq 0}$ (1.3.3) ).
.
2.2 MV Demazure . $x\in W$
, $p$ $:=\ell(xw_{0})$ . $i=(i_{1}, i_{2}, . . . , i_{m})\in R(w_{0})$ ,
$S(xw_{0}, i)=\{\begin{array}{lllllll} 1\leq a_{1}<a_{2}< \cdots \cdots <a_{p}\leq m(a_{l},a_{2} \cdots a_{p})\in[1,m]^{p} s_{i_{a_{1}}}s_{i_{a_{2}}} \cdots s_{i_{a_{p}}} =xw_{0}\end{array}\}$ ,
(2.2.1)
. , $[$ 1, $m]:=\{a\in \mathbb{Z}|1\leq a\leq m\}$ . $p=l(xw_{0})$ ,
$(a_{1}, a_{2}, . .., a_{p})\in S(xw_{0}, i)$ , $xw_{0}=s_{i_{a_{1}}}s_{i_{a}2}\cdots$ si$\sim$ $xw_{0}$
.
, $\mathcal{M}\mathcal{V}_{x}(\lambda)$ $($ $\mathcal{M}\mathcal{V}_{x}(\infty))$ , $\mathcal{M}\mathcal{V}(\lambda)$ $($ $\mathcal{M}\mathcal{V}(\infty))$ $P$ ,
GGMS $\mu$. $=(\mu_{w})_{w\in W}$ (Dem.)
:
(Dem.) $i\in R(w_{0})$ , $n_{a_{q}}^{i}=n_{a_{q}}^{i}(\mu.)=0(1\leq q\leq p)$
$a=(a_{1}, a_{2}, \ldots, a_{p})\in S(xw_{0}, i)$ .
2.2.1 ( $[NS4$ , Theorem 3.2.1]). (1) 1.4.4 $\Psi_{\lambda}$ : $\mathcal{B}(\lambda)arrow\sim \mathcal{M}\mathcal{V}(\lambda)$
, Demazure $\mathcal{B}_{x}(\lambda)\subset \mathcal{B}(\lambda)$ $\mathcal{M}\mathcal{V}_{x}(\lambda)$ . ,
$\Psi_{\lambda}(\mathcal{B}_{x}(\lambda))=\mathcal{M}\mathcal{V}_{x}(\lambda)$ .
(2) 1.4.2 $\Psi$ : $\mathcal{B}(\infty)arrow\sim \mathcal{M}\mathcal{V}(\infty)$ , Demazure
$\mathcal{B}_{x}(\infty)\subset \mathcal{B}(\infty)$ $\mathcal{M}\mathcal{V}_{x}(\infty)$ . ,
$\Psi(\mathcal{B}_{x}(\infty))=\mathcal{M}\mathcal{V}_{x}(\infty)$ .
, $\mathcal{M}\mathcal{V}_{x}(\lambda)(x\in W)$ $($ $\mathcal{M}\mathcal{V}_{x}(\infty)(x\in W))$ ,
(2.12), (2.1.3) ( (2.14), (2.1.5))
( $[NS4$ , Proposition $3.3.3|$ ). .
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2.2.2 ( $[NS4$ , Proposition 3.3.1]). $P\in \mathcal{M}\mathcal{V}_{x}(\lambda)$ $($ $P\in \mathcal{M}\mathcal{V}_{x}(\infty))$
, $\mu$. $=(\mu_{w})_{w\in W}$ GGMS . , $i\in R(w_{0})$
, $n_{a_{q}}^{i}=n_{a_{q}}^{i}(\mu.)=0(1\leq q\leq p)$ $a=(a_{1}, a_{2}, \ldots, a_{p})\in S(xw_{0}, i)$
( , (Dem) $i\in R(w_{0})$
$i\in R(w_{0})$ $)$ .
3 Extremal .
$\mathfrak{g}^{\vee}$
$\lambda\in \mathfrak{h}$ . $x\in W$ , $\mathcal{B}(\lambda)$
$x$ . $\lambda$ extremal $u_{x\cdot\lambda}$ , $P_{x\cdot\lambda}$ $:=\Psi_{\lambda}(u_{x\cdot\lambda})\in \mathcal{M}\mathcal{V}(\lambda)$
( $\Psi_{\lambda}$ : $\mathcal{B}(\lambda)arrow\sim \mathcal{M}\mathcal{V}(\lambda)$ 1.4.4 ). , extremal $P_{x\cdot\lambda}$
GGMS , .
, [NS4, \S \S 4.1 $\sim$44] .
3.1 Extremal GGMS . \S 2.2 , $x\in W$ , $p:=$
$P(xw_{0})$ . $i=(i_{1}, i_{2}, \ldots, i_{m})\in R(w_{0})$ $S(xw_{0}, i)$
$\succ$ ( $S(xw_{0},$ $i)$ (2.2.1) ):
$(a_{1}, a_{2}, \ldots, a_{p})\succ(b_{1}, b_{2}, \ldots, b_{p})\Leftrightarrow$
$1\leq q_{0}\leq p$ , $a_{q}=b_{q}(1\leq q\leq q_{0}-1)$ $a_{q_{0}}>b_{q0}$ .
$\min S(xw_{0}, i)$ $\succ$ $S(xw_{0}, i)$ . , $\xi_{l}^{1}\in$
$W\cdot\lambda(0\leq l\leq m)$ : , $\xi_{m}^{i}:=\lambda$ . ,
$1\leq l\leq m$ ,
$\xi_{l-1}^{i};=\{\begin{array}{ll}\xi_{l}^{1} if l appears in \min S(xw_{0}, i),s_{\beta_{l}^{1}}\cdot\xi_{l}^{i} otherwise.\end{array}$
, $\beta_{l}^{i}:=w_{l-1}^{i}\cdot\alpha_{i_{l}}(1\leq l\leq m)$ , $s_{\beta}\in W$ $\beta$
.
, $w\in W$ , $i\in R(w_{0})$ $w_{l}^{i}=w$ $0\leq l\leq m$
, $\mu_{w}^{x}:=\xi_{l}^{1}$ . , [$NS4$ , Lemma 4.1.3 and Proposition 4.1.4]
, :
(1) $\mu_{w}^{x}$ $i\in R(w_{0})$ .
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(2) $\mu^{x},:=(\mu_{w}^{x})_{w\in W}$ , $\mu^{x}$ MV .
, $\mu^{x}$ MV $P(\mu^{x})$ $\mathcal{M}\mathcal{V}(\lambda)$ ([NS4,
Proposition 4.1.4] ; ).
, $\mu_{w_{0}}^{x}=\lambda$ . $i\in R(w_{0})$ $w_{m}^{i}=w_{0}$
. , , $\mu_{w_{0}}^{x}=\xi_{m}^{i}=\lambda$ . $P(\mu^{x})\subset$ Conv $(W\cdot\lambda)$ .
, 1.2.2 , $P(\mu^{x})=$ Conv $\{\mu_{w}^{x}|w\in W\}$ . , $(\mu_{w}^{x}$
$)$ $\xi_{l}^{i}$ $W\cdot\lambda$ . ,
$P(\mu^{x})=$ Conv $\{\mu_{w}^{x}|w\in W\}$
$=$ Conv $\{\xi_{l}^{i}|i\in R(w_{0}),$ $0\leq l\leq m\}\subset$ Conv$(W\cdot\lambda)$
.
[NS4, Lemma 4.2.1] , $P(\mu^{x})$ $x\cdot\lambda$
. $\mathcal{M}\mathcal{V}(\lambda)$ $x$ . $\lambda$ extremal $P_{x\cdot\lambda}$ ,
3.1.1 $($ [NS4, Theorem 4.1.5 (1)] $)$ . $P(\mu^{x})=P_{x\cdot\lambda}$ . , ex-
tremal $P_{x\cdot\lambda}$ GGMS $\mu^{x}$ .
3.2 Extremal . $P_{x\cdot\lambda}$ GGMS $\mu^{x}$
$($ [NS4, Theorem 4.1.5 (2)] $)$ .
3.2.1. Extremal $P_{x\cdot\lambda}=P(\mu^{x})$ , $\{z$ . $\lambda|z\leq x\}$ $\mathfrak{h}_{\mathbb{R}}$
. ,
$P_{x\cdot\lambda}=$ Conv $\{z\cdot\lambda|z\leq x\}$
.
4 Opposite Demazure MV .
4.1 Opposite Demazure $\mathfrak{g}^{\vee}$ $\lambda\in \mathfrak{h}$ .
$x\in W$ , $x$ opposite Demazure $V^{x}(\lambda)$ , $V(\lambda)$
$x\cdot\lambda$ $V(\lambda)_{x\cdot\lambda}$ , $V(\lambda)$ Uq- $(\mathfrak{g}\vee$ $)$ -
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; $V^{x}(\lambda):=U_{q}^{-}(\mathfrak{g}^{\vee})V(\lambda)_{x\cdot\lambda}$ . Kashiwara [Kasl] , $\mathcal{B}(\lambda)$
$\mathcal{B}^{x}(\lambda)$
$V( \lambda)\supset V^{x}(\lambda)=\bigoplus_{b\in \mathcal{B}^{x}(\lambda)}\mathbb{C}(q)G_{\lambda}(b)$
(4.1.1)
. $\mathcal{B}^{x}(\lambda)\subset \mathcal{B}(\lambda)$ $x\in W$
opposite Demazure . Opposite Demazure
$\{\mathcal{B}^{x}(\lambda)\}_{x\in W}$ ([Kasl,
\S 4] $)$ .
$\mathcal{B}^{w_{0}}(\lambda)=\{u_{w_{0}\cdot\lambda}\}$ , (4.12)
$\mathcal{B}^{x}(\lambda)=\bigcup_{N\geq 0}e_{j}^{N}\mathcal{B}^{s_{j}x}(\lambda)\backslash \{0\}$
for $x\in W$ and $j\in I$ with $s_{j}x>x$ . (4.1.3)
4.1.1 .2 , $b\in \mathcal{B}(\lambda)$ $j\in I$ , $f_{j}^{\max}b:=$
$f_{j}^{\varphi_{j}(b)}b$ . , $\varphi_{j}(b):=\max\{N\geq 0|f_{j^{N}}b\neq 0\}$ .
4.1.1. $x\in W$ , $i_{1},$ $i_{2},$ $\ldots,$ $i_{p}\in I$ $\ell(s_{i_{p}}\cdots s_{i_{2}}s_{i_{1}}x)=\ell(x)+p$
$s_{i_{p}}$
. . .
$s_{i_{2}}$ si $1^{X=w_{0}}$ . , $b\in \mathcal{B}(\lambda)$ opposite Dema ure
$\mathcal{B}^{x}(\lambda)$ , $f_{i_{p}}^{\max}\cdots f_{i_{2}}^{\max}f_{i_{1}}^{\max}b=u_{wo\cdot\lambda}$
.
, $x\in W$ . [NS4, Theorems 3.5.1 and $4.5.1|$ , Demazure
$\mathcal{B}^{x}(\lambda)\subset \mathcal{B}(\lambda)$ $\Psi_{\lambda}$ : $\mathcal{B}(\lambda)arrow\sim \mathcal{M}\mathcal{V}(\lambda)$ , MV $P\in \mathcal{M}\mathcal{V}(\lambda)$
.
.
4.2 MV opposite Demazure .
$x\in W$ , $p:=\ell(xw_{0})$ . $\mathcal{M}\mathcal{V}^{x}(\lambda)$ , $\mathcal{M}\mathcal{V}(\lambda)$ $P$
, GGMS $\mu$. $=(\mu_{w})_{w\in W}$ (Op.Dem.)
:
(Op. Dem.) $w_{p}^{i}=si$ 1 $s_{i_{2}}\cdots s_{i_{p}}=xw_{0}$ $i=(i_{1}, i_{2}, . . . , i_{m})\in R(w_{0})$
, $\mu_{w_{l}^{1}}=w_{l}^{i}w_{0}\cdot\lambda(p\leq l\leq m)$ .
2Demazure . $[$Kas2, Proposition 9.1.3 (2) $]$
.
30
4.2.1 ([NS4, Theorem 3.5.1]). 1.4.4 $\Psi_{\lambda}$ : $\mathcal{B}(\lambda)arrow\sim \mathcal{M}\mathcal{V}(\lambda)$
, opposite Demazure $\mathcal{B}^{x}(\lambda)\subset \mathcal{B}(\lambda)$ $\mathcal{M}\mathcal{V}^{x}(\lambda)$ .
,
$\Psi_{\lambda}(\mathcal{B}^{x}(\lambda))=\mathcal{M}\mathcal{V}^{x}(\lambda)$ .
4.1.1 [Kam2, Theorem 6.6] “i-Kashiwara
” .
4.2.2. 42.1 : $P\in \mathcal{M}\mathcal{V}^{x}(\lambda)$ ,
$\mu$. $=(\mu_{w})_{w\in W}$ GGMS . , $w_{p}^{1}=s_{i_{1}}s_{i_{2}}\cdots s_{i_{p}}=xw_{0}$
$i=(i_{1}, i_{2}, \ldots, i_{m})\in R(w_{0})$ , $\mu_{w_{l}^{1}}=w_{l}^{i}w_{0}\cdot\lambda(p\leq l\leq m)$
.
4.3 Extremal opposite Demazure . 3.1.1
4.2.1 ([NS4, Theorem 4.5.1]).
4.3.1. $x\in W$ . $P\in \mathcal{M}\mathcal{V}(\lambda)$ opposite Demazure
$\mathcal{M}\mathcal{V}^{x}(\lambda)=\Psi_{\lambda}(\mathcal{B}^{x}(\lambda))$ , $P$ ( )
extremal $P_{x\cdot\lambda}=$ Conv $\{z\cdot\lambda|z\leq x\}$ .
4.4 . 4.3.1 $($ Demazure ” ,
([NS4, \S 46] ): $r_{x\in W}$ . $P\in \mathcal{M}\mathcal{V}(\lambda)$
Deiiiazure $\mathcal{M}\mathcal{V}_{x}(\lambda)=\Psi_{\lambda}(\mathcal{B}_{x}(\lambda))$ ,
$P$ ( ) extremal $P_{x\cdot\lambda}$ ? ,
, . ( , $P\subset P_{x\cdot\lambda}$
, $P\not\in \mathcal{M}\mathcal{V}_{x}(\lambda)$ . [NS4, Remark 4.6.1] ) ,
.
. $x\in W$ . $P\in \mathcal{M}\mathcal{V}(\lambda)$ Demazure $\mathcal{M}\mathcal{V}_{x}(\lambda)$
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